Abstract. Let B be a real Banach space partially ordered by a closed convex cone P with nonempty interior • P . We study the continuation method for the monotone operator A :
Introduction
Let B be a real Banach space partially ordered by a closed convex cone P with nonempty interior, which is denoted by (1) where t ∈ (0, 1) and ϕ is a positive function on (0, 1). The fixed points of this type of operator were much discussed under various assumptions on ϕ. Among them, M. A. Krasnosel'skiǐ studied u 0 -concave operator ( [5] ), where ϕ(t) = [1 + η(x, t)]t with η(x, t) > 0, D. Guo established the existence of the unique fixed point for α-concave operators ( [4] ), where ϕ(t) = t α with α ∈ (0, 1), and U. Krause proved fixed point theorems for ascending operators ( [6] ), where ϕ : [0, 1] → [0, 1] is continuous and λ < ϕ(λ) for λ ∈ (0, 1). In [1] , we investigated the mixed monotone counterpart of the monotone operator A which satisfies (2) for all x ∈ • P , t ∈ [a, b] ⊂ (0, 1), where α(a, b) ∈ (0, 1). This class of operator includes Guo's α-concave operator and U. Krause's ascending operator (see [1, Corollary 3.2] ). We say that a monotone operator is α-sublinear if it satisfies (2) .
A(tx) ≥ ϕ(t) A(x),

A(tx) ≥ t α(a,b) A(x),
One important method for solving an operator equation F (x) = 0 is the continuation method, i.e., to continuously deform F to a simpler operator G such that G(x) = 0 is easily solved. In the present paper, we intend to discuss the continuation method for α-sublinear mappings. Our work is motivated by a paper of A. Granas ([3] ).
YONG-ZHUO CHEN
x, y ∈ P − {0} are called comparable if there exist positive numbers λ and µ such that λx ≤ y ≤ µx. This defines an equivalent relationship, and splits P − {0} into disjoint components of P .
• P is a component of P if
Unless specified otherwise, throughout this paper, we assume that the norm is monotone, i.e., 0 < x ≤ y implies that x ≤ y . Hence all the cones in this paper are normal, since P is normal iff B has an equivalent norm which is monotone.
Let C be a component of P and x, y ∈ C. Put M (x/y) = inf{λ : x ≤ λy} and M (y/x) = inf{µ : y ≤ µx}.
Thompson's metric is defined bȳ
d(x, y) is a metric on C and C is complete with respect tod under our assumption on P ( [7, Lemma 3] ).
The following theorem is just the monotone operator version of Theorem 3.1 in [1] , which was proved by appealing to Thompson's metric. Theorem 1.1. Let C be a component of P , and A : C → C be α-sublinear. Then A has exactly one fixed point x * in C, and for any point x 0 ∈ C, we have
We also need the following two lemmas.
Lemma 1.2 (Thompson [7]). If the norm is monotone, then
for all x, y ∈ P with x ≤ b and y ≤ b.
Proof. Without loss of generality, we assume
Let (X, d) be a complete metric space and D ⊂ X a closed subset. We say that 
This paper is organized as follows. In Section 2, we generalize A. Granas's main theorem in [3] to generalized contraction mappings. Section 3 discusses the continuation method for α-sublinear mappings. An example of application is given in Section 4.
Topological transversality for generalized contraction mappings
In this section, U stands for a bounded open set of X. Let G(U ) be the set of all generalized contraction mappings T : U → X, and
where A 1 and A 2 are subsets of X.
We say T ∈ G 0 (U ) is traverse or essential (cf. [2, pp. 58-60] and [3] ) if T has a fixed point, i.e., the graph of T crosses or traverses the diagonal of U × X. The following theorem discusses the topological transversality for operators in G 0 (U ).
If H 0 has a fixed point in U , then so does H t for each t ∈ [0, 1].
We claim that {x n } is a Cauchy sequence. Otherwise, for any k > 0, there exist
and so
We reach a contradiction from (6) . Hence there exists x 0 ∈ U such that x n → x 0 .
On the other hand, The following example illustates that Theorem 2.1 is indeed more general than Theorem 3.1 in [3] . 
. Hence G t is a generalized contraction, however it is not a contraction in the usual sense. Since 2 is not a fixed point for any G t and G 0 has a fixed point 0 ∈ U , we apply Theorem 2.1 to conclude that G t has a fixed point in U = [0, 2) for each t ∈ [0, 1].
Continuation method for α-sublinear mappings
In this section, we will use Thompson's metric and Theorem 2.1 as tools to study α-sublinear mappings. 
for all x ∈ ,b) . On the other hand, Let ε > 0 be given. There exists ε 1 ∈ (0, r) such that
and S 0 has a fixed point in U , then we can apply Theorem 2.1 to conclude that S t has a fixed point in U for each t ∈ [0, 1]. (H1) implies that the sequence {S n t (x)} converges to the unique fixed point of S t for any x ∈ • P by Theorem 1.1.
2 The following is a nonlinear alternative theorem for α-sublinear mappings. 
Note that S 0 has a fixed point x 0 ∈ U . Assume that A does not have a fixed point in U, then by Theorem 3.1, there exists y 0 ∈ ∂U and t ∈ (0, 1) such that S t (y 0 ) = y 0 , i.e., t Ay 0
Remark. The distinction between cases (i) and (ii) in Theorem 3.2 cannot be sharpened to a proper alternative. Let's consider the so-called square root version of Fibonacci's rabbit population model:
It is easy to check that A has a fixed point (a
Hence cases (i) and (ii) in Theorem 3.2 are not mutually exclusive.
Example
The following example illustrates the application of Theorem 3.2 to the Dirichlet problem for a uniformly elliptic differential operator.
Let Ω be a bounded convex domain in R n (n ≥ 2), whose boundary ∂Ω belongs to C 2+µ (0 < µ < 1) and consider the Dirichlet problem
where
is a uniformly elliptic differential operator, i.e., there exists ν > 0 such that
. Suppose f (x, u) > 0 is continuous for all x ∈ Ω and u ≥ 0. The solution of (8) is equivalent to the fixed point of the integral operator
where G(x, y) is the corresponding Green function which satisfies
where x, y, ∈ Ω and x = y.
It is well known that A is monotone and completely continuous from P into P (see [4, pp. 60-62] ), where P = { u ∈ C(Ω | u(x) ≥ 0, ∀x ∈ Ω}. The sup norm of C(Ω) is monotone in the partial order introduced by cone P . Note that 
